NONCOMMUTATIVE MINIMAL SURFACES 



JOAKIM ARNLIND, JAIGYOUNG CHOE, AND JENS HOPPE 



Abstract. We define noncommutative minimal surfaces in the Weyl alge- 
bra, and give a method to construct them by generalizing the well-known 
Weierstrass-representation. 



Given the growing interest in noncommutative spaces, and zero-mean-curvature 
surfaces having been known for more than 250 years, it is rather astonishing that a 
general theory of noncommutative minimal surfaces seems to be lacking. Our note 
is a modest attempt to fill this gap. 

1. Preliminaries 

1.1. Poisson algebraic geometry of minimal surfaces. Not long ago, it was 
shown that the geometry of surfaces (or, in general, almost Kahler manifolds) can 
be expressed via Poisson brackets of the functions x ,...,x n which provide an 
isometric embedding into a given ambient manifold [AHl 1 1 IAHH121 . In noncom- 
mutative geometry, as well as quantum mechanics, there is an intimate relationship 
between an operator corresponding to the (commutative) function {/, <?}, and the 
commutator of the operators that correspond to / and g. Therefore, obtaining 
knowledge about geometrical quantities, as given in the Poisson algebra generated 
by x , . . . , x n , provides information about the corresponding noncommutative geo- 
metrical objects, and how to define them. 

Assume that E is a 2-dimensional manifold, with local coordinates u = u \v — 
it 2 , embedded in K" via the embedding coordinates x (u, v), x 2 (u, v), . . . , x n (u, v), 
inducing on E the metric 



9ab = d a x ■ d b x ee ^ (daX 1 ) {d b x % ) 



where d a = g^-. We adopt the convention that indices a,b,p,q take values in 
{1, 2}, and i, j, k, I run from 1 to n. For an arbitrary density p, one may introduce 
a Poisson bracket on C°° (E) via 

{f,h} = - p s ab (d a f){d b h), 

and we define the function 7 = ^fgj p, where g denotes the determinant of the 
metric g ab . Setting 8 ab — j6 ab (the Poisson bivector) one notes that 

(1.1) 9 ap e b ^g pq = \e^e b ^g pq = ^g ab = 7 V" 

p A p z 

since £ ap e bq g pq is the cofactor expansion of the inverse of the metric. The fact that 
the geometry of the submanifold E can be expressed in terms of Poisson brackets 
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follows from the trivial, but crucial, observation that the projection operator T> : 
TM. n — > TE (where one regards TE as a subspace of TR n ) can be written as 



n 

V{xy = - {x i ,x k }{x j ,x k }X j 



7 j-k=l 



for X G TW 1 . Namely, one obtains 
1 " 

v{xy = — e ab e™(d a x*){d b x k ){d p xi){d q x k )xi 
7 J,fe=l 

^ n n 
7 2=1 2=1 

by using (jl.ll) . From this expression one concludes that I? 2 = I? and that T>(X) = X 
and V(N) = if X G TE and TV G TE- 1 . 

In this paper, we shall foremost be interested in the Laplace-Beltrami operator 
on E, defined as 



A(/) = ±d a (ygg ab d b f 



V9 

Proposition 1.1. For / G C°°(E) it ZioZds that 

n 
i=l 

A(f) = j- 1 { 7 - 1 {f,u a }g ab ,u b }. 

Proof. Let us prove the first formula; the second one is proven in an analogous way. 
One computes that 



1 - 

-Y dabd a{l'^ m {d P f){d q x l ))d b x l 

n 



= ^5 Q ( 7 - 1 e Qb ^ <? ^(5 P /)) - ^d^V^W^/)) 

= ^daif-Wnf) = ^d a (^g a Pd p f) = A(/), 
by using (fL~T|) . □ 

On a surface, one may always find conformal coordinates; i.e., coordinates with 
respect to which the metric becomes g ab — £(u 1 v)5 ab fc> r some (strictly positive) 
function £. Furthermore, if we choose p = 1 (giving 7 = £ ), the second formula in 
Proposition 11.11 can be written as 

A(/) = -{{/, u Q }<U, = -{{/, «}, «} + «}, 

if we assume the coordinates u, w to be conformal. For convenience, we shall also 
introduce A (/) = {{/, u}, u} + {{f,v},v}= £A(f). 



NONCOMMUTATIVE MINIMAL SURFACES 



3 



Minimal surfaces can be characterized by the fact that their embedding coor- 
dinates x , . . . ,x n are harmonic with respect to the Laplace operator on the sur- 
face; i.e. A(x l ) = for i = 1, . . . , n. In local conformal coordinates, due to the 
above Poisson algebraic formulas, one may formulate this as follows: A surface 
x : D C M 2 ->■ R n is minimal if 

Ao(ar') = {{x\u},u} + {{x\v},v} = for i = 1, . . . , n 

m]C f£ * GO i£ — 00 u ' 00 u cLud 00 *ti * 00 u - ~ 

(where x u and x v denote the partial derivatives of x with respect to u and v). 
Note that the above choice of Poisson bracket implies that {u,v} = 1. In Section 
we will, in analogy with the above formulation, define noncommutative minimal 
surfaces in a (noncommutative) algebra with generators U, V satisfying [U, V) ~ 1; 
the universal algebra with these properties is commonly known as the Weyl algebra. 

1.2. The Weyl algebra and its field of fractions. As mentioned in the previous 
section, the Weyl algebra provides us with a natural setting in which noncommuta- 
tive minimal surfaces may be defined. In this section we recall some basic properties 
of the Weyl algebra (and its field of fractions), as well as introducing the notation 
which shall later be used. 

Definition 1.2 (Weyl algebra). Let C(U, V) denote the free (associative) unital 
algebra generated by U,V. Furthermore, for h > 0, let In denote the two-sided 
ideal generated by the relation 

uv-vu = int. 

The Weyl algebra is defined as An = C (U, V) /In- 

The Weyl algebra can be embedded in a skew field by a general procedure |Ore31j . 
Let us briefly review the construction for the purposes of this paper. 

Consider the Cartesian product An x A^ , i.e. ordered pairs (A, B) of elements in 
A,B^ An with B ^ 0, which in the end will correspond to the expression AB~ X . 
The Weyl algebra satisfies the Ore condition; i.e., for each pair of elements A, B 
there exist /3i , /?2 € An such that 

APi = B/3 2 

(see |Lit31| IDix68] for a proof of this fact and many other properties of the Weyl 
algebra) . This property allows one to define a relation on An x Ai ■ Namely, 
(A, B) — (C, D) if there exist /3 2 € An such that 

Afii = C(3 2 
Bfa = Dfc, 

and it is straightforward to check that ~ is an equivalence relation. The quotient 
(^4ft x A\ )/ ~ is denoted by Addition in $n is defined as follows: Let /3i , f3 2 € An 
be such that Bfii — Df3 2 - Then one sets 

{A, B) + (C, D) = (Afr + Cf3 2 , Aft). 

Likewise, when a±,a 2 £ An are such that Ba\ = Ca 2 , one defines 

{A,B){C,D) = (Aa u Da 2 ). 

It is straightforward (although tedious) to check that these are well-defined oper- 
ations in gfi (i.e. they respect equivalence classes) and that they do not depend 
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on the particular choice of fti, fa, ctu, oli- Furthermore, both operations are asso- 
ciative, and they satisfy the distributive law. The unit element can be represented 
by (1,1) and the zero element by (0,1). For every element A e An we identify 
A with (A, 1) and A' 1 with (for A ^ 0), and with this notation it follows 

that AB- 1 = (A,t)(l,B) = (A, B). One easily checks that (B,A) is the (right 
and left) inverse of (A, B) and that {AB)- 1 = B~ 1 A~ 1 . Moreover, if [A, B] = it 
holds that AB- 1 = B^A, i.e. (A, B) = {t,B)(A, 1). 

The Weyl algebra becomes a *-algebra upon setting U* = U and V* — V, and 
as a consequence of the universal property of the fraction ring, the *-operation can 
be extended to g^. Thus, g^ is a *-algebra, and it follows that (A,t)* = (A*,t) 
and (1, A)* = (t,A*) (where the last equality can be written as (A- 1 )* = (A*)- 1 ) 
for all A E An- Hence, it holds that 

(AB- 1 )* = (A, B)* = ((A,t)(l,B))* = (t,B*)(A*,l) = (B*)- 1 A*. 

In the following, we shall drop the (cumbersome) notation (A, B) and simply write 
AB- 1 ; moreover, we do not distinguish between an element A e An and its corre- 
sponding image in gft. An element A <G $n is called hermitian if A* = A. The real 
and imaginary parts of an element are defined as 

Rc(A) = l(A + A*) 

lm(A) = ^{A-A*), 

and it is convenient to introduce the notation U 1 — U and U 2 = V, as well as the 
derivations 

d u {A) = d l {A) = l h [^V] 

d v {A) = d 2 {A) = ~[A,U]. 

Proposition 1.3. For iejj and p(x) e C[x] it holds that 

(1) daA- 1 = -A~ 1 d a (A)A~ 1 , 

(2) d a (d b (A))=d b (d a (A)), 

(3) d a p(U a ) = p'(U a ) (no sum over a), 

fora,b~ 1,2, where p'(x) denotes the derivative (w.r.t. x) ofp(x). 

Proof. The first property is an immediate consequence of the fact that d a (AA- 1 ) = 
d a (t) = 0. For the third property, one computes 

n n 

d u p(U) = - Y}a k U\V] = kauU*- 1 = p'(U), 
111 k=0 fe=l 
and similarly for p(V). Finally, to show that the derivatives commute, one simply 
calculates 

du (d v (A)) = 1 [[A, U],V]= ~[[U, V], A] 1 [[V, A],U]. 
Since [U, V] = iht (and, hence, is in the center of the algebra) it follows that 

d u (d v (A)) = ^[[A,V],U] =d v (d u (A)), 
which proves the statement. □ 
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Furthermore, let us introduce A = U + iV together with the operators 
d(A) = ±(d a (A)-id v (A)) = ±_[A ) A*} 

d(A) = ±(d a (A) + id v (A))=-±[A,A}, 

and it follows from Proposition 11.31 that ddA = BdA. It is useful to note that 
[A, A*] = 2M. 

Definition 1.4. An element i e 3s is called r-holomorphi^ if BA — 0. An 
r-holomorphic element A is called holomorphic if A G An- 

By C[A] we denote the subalgebra of 3tj generated by A and 1. It turns out that r- 
holomorphic elements can be characterized as elements of C[A] and their quotients. 

Lemma 1.5. An element A G is holomorphic if and only if A G C[A]. 

Proof. Clearly, if A G C[A] then A G An and dA = --^[A,A] = 0. Now, assume 
that 8 A = and that A 6 An- Every element A G _4?j can be written in the 
following normal form 

A=Y, a k iA k (A*) 1 , 

k,l>0 

and one computes 

BA= lakiA k (A*) l -\ 

fc>0,i>l 

The fact that dA = implies that aki = for I > 1, which implies that A is a 
polynomial in A. Hence, A 6 C[A]. □ 

Proposition 1.6. An element A G 3ft is r-holomorphic if and only if there exist 
B,C G C[A] sucA i/iai A = BC" 1 . 

Proo/. Clearly, if A = BC" 1 with B, C G C[A], then 

&4 = (dB)Cr 1 - BC- 1 (dCf)G- 1 = 0, 

by Lemma [T3J Now, assume that A = BC _1 , with B 7^ 0, and that dA = 0. From 
the above equation it follows that 

dB = BC~ 1 (BC), 

and \i_dC = then dB = and Lemma O implies that B, C G C[A]. If BC ^ 
then 9B 7^ and one obtains 

(dB)idC)- 1 = BC- 1 = A. 

It follows that B(BB)(BC)^ 1 — dA — 0, and one may repeat the argument with 
respect to the representation A = (BB)(BC)~ 1 . Thus, as long as B n C 7^ (and, 
hence, B n B 7^ 0) one obtains 

A= (B n B)(B n C)- 1 . 

For every non-zero B G An there exists an integer no such that B n °B 7^ and 
B na+1 B = 0, since B can be written as a polynomial in A and A*. The above 
argument implies that one can always find B (= B n °B) and C (= B na C) such that 

1 "rational" -holomorphic 
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A = BC- 1 , fulfilling dB = dC = 0. From Lemma O it follows that B,C £ 
C[A]. □ 

Note that r-holomorphic elements are the analogues of meromorphic functions in 
complex analysis. However, since there is no immediate concept of point in the 
noncommutative algebra, it holds that 8 A is identically for a r-holomorphic ele- 
ment, and not only at points where the derivative exists. This distinction becomes 
important if one represents the Weyl algebra on a vector space, as in Section l3.3[ 
where there are elements that are not invertible. 

Let us continue by denning the Laplace operator, as well as harmonic elements 
and some of their properties. 

Definition 1.7. The noncommutative Laplace operator Ao : Jft - ► -Sn is defined as 

A (A) = dl{A) + d 2 v {A) = ~[[A, V\,V]-jp [[A, U],U}. 
An element A £ fi^ is called harmonic if Aq(A) = 0. 
Proposition 1.8. For A £ $ H it holds that A (A) = 4d8{A) = Add {A). 

Proof. Let us prove that Ao(A) = Ad(8(Aj) ; the second equality then follows from 
the fact that dd = 8d. One computes 

Ad(8(A)) = d u (d u (A) + id v (A)) - id v (d a (A) + id v (A)) 

= d 2 u (A) + d 2 v (A) + W u (d v (A)) - W v (d u (A)) 

= 8 2 U (A) + d 2 v (A) = A (A), 

by using Proposition [T31 Q 

Proposition 1.9. Let A £ be r-holomorphic. Then Re A and 1mA fulfill 

d u Re A = d v Im A and d v Re A = —d u Im A, 

and it follows that Re A and Im A are harmonic. 

Proof. Since A is r-holomorphic, it holds that dA — 0, which is equivalent to 

= (d u + idy) ( Re A + i Im A) = 8 U Re A - 8 V lm.A + i (8 U Im A + 8 V Re A) . 
Since Re A and Im A are hermitian, it follows that 

8 u ReA- 8 V Im A = 
8 v ReA + 8 u lmA = 0, 
which proves the first statement. Moreover, it is then easy to see that 
81 Re A + 81 Re A = 8 U 8 V Im A - 8 V 8 U Im A = 0, 

since d u and d v commute, by Proposition 11.31 A similar computation is done to 
show that ImA is harmonic. □ 

Integration of r-holomorphic elements is introduced as the inverse of the operator 
d; namely, if A and B are r-holomorphic elements, such that dB = A, then we call 
B a primitive element of A. Furthermore, we introduce the notation 

AdK 
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to denote an arbitrary primitive element of A. Such r-holomorphic elements A, 
which have at least one primitive element, are called integrable. Clearly, holomor- 
phic elements, being polynomials in A, are integrable, and primitive elements may 
readily be found. 

2. NONCOMMUTATIVE MINIMAL SURFACES 

We shall consider the free module 3^ together with its canonical basis 

e k = (0,...,0,1,0,...,0) 
fc-i 

and one extends the action of d a as 

d a (X) =d a (X i )e i 

for X = X l ti and a = 1,2. An element X € 3^ is called hermitian if X % is 
hermitian for i — l,...,n, and an element X £ 3^ is called (r-)holomorphic if 
X 1 is (r-)holomorphic for i = 1, . . . , n. Moreover, for X, Y € 3^ one introduces a 
symmetric bi-C-linear form 

n i n 

(x,y) = ^<^ ! r i ) = -^(x i y < + y < x < ). 

i=l i=l 

The above form fulfills the following derivation property, with respect to d\ and 82'. 
Proposition 2.1. For X, Y G 35J, «»tft X = A^e-j anrf F = F^ej, it holds that 

[(X, Y),A] = {[X\A]e u Y) + (X, \Y\A\e,) 
for any A 6 Js. In particular, it holds that 

d a (X,Y) = a X,Y) + {X,d a Y), 

for a =1,2. 

Proof. From the derivation property of the commutator it follows that 

[AB + BA, C] = A[B, C] + [B, C]A + B[A, C] + [A, C]B, 
which may be written as 

(2.1) [{A,B),C]={A,[B,C\)+{B,[A,G]). 

Since (|2.1I) is linear in A and B, the desired result follows. □ 



We will now introduce noncommutative minimal surfaces in 3^ this is done in 
analogy with the formulation in conformal coordinates, as given in Section 11.11 It 
turns out that most of the classical theory can be transferred to the noncommutative 
setting with essentially no, or only small, modifications. 

Definition 2.2. A hermitian element X € 3/J is called a noncommutative minimal 
surface if 

A a (X l )=0 for i = 1,2,..., n 
£ = Q and T = 0, 

where 

£ = U X, d u X), Q = (d v X, d v X), T = U X, d v X). 



s 
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Remark 2.3. Note that the above definition does, in principle, not rely on the 
fraction field gn, and is also valid in the Weyl algebra An- In fact, several results, 
in what follows, remain true in the Weyl algebra when r-holomorphic elements are 
replaced by holomorphic elements. We shall comment on this possibility as we 
proceed and develop the theory. 

Let us now define $ € 3r as 

$ = $ 4 e , - 2d(X% = {£> U (X % ) - id v {X*))e t 

and prove the following: 

Proposition 2.4. It holds that 

($,$) = S-g-2uF. 

Proof. One computes 

($ 4 ) 2 = (d u {X l ) - id v {X*))(d u {X l ) - id v {X 1 )) 

= d u (x 1 ) 2 - d v {x l f - id u {x*)d v (x l ) - id v {x*)d u {x l ), 

which implies that 

i=l 



2^-(a„(r)4(r) + 9„TO(r 



= S-g- 2iF, 

which is the desired result. □ 

Proposition 2.5. (<f>, $} = if and only if 8 — Q and F = 0. 

Proof. Clearly, if £ = Q and T = then Proposition 12.41 gives ($,$) = 0. Now, 
assume that ($, <£>) = 0. Since £,7^,0 are hermitian, the ^-conjugate of the equation 
($, $) = (via Proposition 12. 4[) gives £ — Q + 2iT = which, together with 
£ — Q — 2iT = implies that £ = Q and T = 0. □ 

Proposition 2.6. Assume that I € is hermitian and set $ — 2d(X). Then 
the following are equivalent 

(1) X is a minimal surface, 

(2) <£> is r-holomorphic and ($,$) = 0. 

Proof. First, assume that X is a minimal surface (which directly implies, by Propo- 
sition H31 that ($,$) = 0). By definition, it holds that Ao(X*) = 0, and one 
computes 

= A pO = 4d(d(X 1 )) = 25($ ,; ): 

which proves that $ is r-holomorphic. For the other implication, assume that $ is 
r-holomorphic and that ($, $) = 0. From Proposition 12 .51 it follows that £ = Q and 
T = 0. Moreover, since $ J is r-holomorphic one gets 

= = 2d(d{X i )) = iA (X i ). 

Hence, X is a minimal surface. □ 
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Note that the theorem remains true if X £ A\ and $ is a assumed to be holomor- 
phic. Hence, the equivalence also holds in the Weyl algebra. 

One may straightforwardly define conjugate minimal surfaces; namely, we will 
call a hermitian Xg^s conjugate to the minimal surface X £ 3fi if 

d u {X) = d v {X) and d v {X) = -d u {X). 

Proposition 2.7. Let X £ &2 be a minimal surface. If a hermitian X £ $2 
satisfies 

d u (X) = d v (X) and d v (X) = -d a (X), 
then X is a minimal surface. 
Proof. One computes 

A (l l ) = 4, +d v (d v {X 1 )) 

= -B u (d v (x i ))+d v (d u (x i )) = o, 

by using Proposition [L3] Moreover, it holds that 

n n 

i=i i=i 

n n 

g = Y,d v {X i f = Y,9u{X i f = £ (=Q = £), 

i=l i=l 

J — E {du(x l )d v (x l ) + d v (x l )d u (x 1 )) 
i=i 

= - o S + d u {X l )d v {X 1 )) =-T = 0, 

i=l 

since X is assumed to be a minimal surface. Hence, X is a minimal surface. □ 

2.1. Noncommutative Weierstrass representation. The classical theory of 
minimal surfaces in R 3 is an old and very rich subject. For such minimal sur- 
faces, there are several representation formulas available; i.e. explicit formulas for 
the parametrization of an arbitrary minimal surface (see e.g. DHKW92 ). It turns 
out that one can prove analogous statements in the noncommutative setting. 

Proposition 2.8. Assume that $ £ 3| is r-holomorphic, fulfilling (<£>, $) = and 
$ 1 — i<£> 2 7^ 0. Then there exist r-holomorphic f,g£$n such that 

0> 1 = i/(l-.g 2 ), $ 2 = l/(l +ff 2 ), $3 = /g 

Moreover, if $ is holomorphic then f can be chosen to be holomorphic. 

Proof. First, since "J 1 , $ 2 , $ 3 are r-holomorphic, they commute; thus, one need not 
be careful with the ordering in what follows. If one sets 

/ = $ 1 - i$ 2 

g = $ 3 ($! -i® 2 )' 1 
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then / and g are r-holomorphic (since $ x — i$ 2 ^ 0), and one computes 

-fg 2 = -(* 3 ) 2 (* 1 - z* 2 )" 1 = * x + *$ 2 

where the last equality follows from ($, $) = (written in the form ($ 1 + j$ 2 )($ 1 — 
i$ 2 ) + ($ 3 ) 2 = 0). Now, from / = $ x - i$ 2 and -/.g 2 = $ x + i$ 2 , the desired 
expressions for $ 1 , $ 2 and $ 3 follow. Finally, we note that if $ is holomorphic, 
then clearly / = $ x — i$ 2 is holomorphic. □ 

As a corollary we get an analogue of the Weierstrass representation theorem. 

Theorem 2.9. Let X = X t e i 6 3s & e fl minimal surface for which it holds that 
d(X 1 — iX 2 ) 7^ 0. Then there exist r-holomorphic elements f,g £ $n together with 
x' 1 6 K (/or i = 1, 2, 3,), smc/i £/ia£ 



AT 1 = a; 1 ! + Re y - , 9 2 )dA 



(2.2) AT 2 = x 2 l + Re y + ,g 2 )dA 

X 3 = a; 3 l + Re J fgdk. 

Conversely, for any r-holomorphic f and g such that /(l — g 2 ), /(l + g 2 ) and fg 
are integrable, equation (|2.2[) defines a minimal surface. 

Proof. Assume that X is a minimal surface. Setting <£> = 2dX it follows from 
Proposition 12.61 that $ is r-holomorphic and (<&,$) = 0. The assumption d(X 1 — 
iX 2 ) 7^ is equivalent to $ 1 — i<£> 2 ^ 0. Therefore, Proposition 12.81 gives the 
existence of r-holomorphic / and g such that 

^ = \f(t-g 2 ), 4> 2 ^/(l +ff 2 ), ^ = fg. 

These equations may be integrated as in (|2.2[) . and since d Re(A) = dA/2 when A is 
r-holomorphic, they satisfy $ = 29X. Now, assume that / and g are r-holomorphic 
and that the integrals in (|2.2[) are defined. It is easy to check that (12. 2j) gives r- 
holomorphic $ = 2<9X such that (<j>, $) = 0. From Proposition 12.61 it follows that 
X is a minimal surface. □ 

There is another classical representation formula, which assigns a minimal surface 
to an arbitrary holomorphic function F. The theorem below does not rely on 
r-holomorphic elements, and therefore also holds in the Weyl algebra when F is 
chosen to be holomorphic. 

Theorem 2.10. Let F 6 3fi be r-holomorphic and assume that 

& = (1 - A 2 )F, $ 2 = i(l + A 2 )F, $ 3 = 2AF 

are integrable. Then X — X l ei G S^, defined by 
is a minimal surface for arbitrary 
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Proof. By definition, X is hermitian, and one computes that 
2d(X i ) = d J &dk + d(( J $MA 
= d { $ l dA = 



since d applied to a quotient of polynomials in A* gives zero. Moreover, a simple 
computation shows that ($, <E>) = for every r-holomorphic F G 5"^. Finally, since 
$ l is r-holomorphic, it follows from Proposition l2.6l that X is a minimal surface. □ 



In the geometric setting, a minimal surface constructed via Theorem 12.101 has a 
normal vector given by 



N = n 2^ 2 ( 2u > 2u > " 2 + « 2 - 1)- 

1 + u l + v z 



Let us show that, with respect to the symmetric form (•,•), a noncommutative 
normal can be constructed. 

Proposition 2.11. Let X E be a minimal surface given by an r-holomorphic 
element F G 3ft, « s * n Theorem ] 2.1 (A Then N = N l ei G given by 

N x = A + A*, N 2 = -i(A-A*), iV 3 = i(AA* + A*A)-l 

saiis/ies U X, N) = V X, N) = 0. 

Proof. The proof consists of a straightforward computation. The statement that 
u X,N) = v X,N) = is equivalent to (dX,N) = (dX,N) = 0, which in turn 
is equivalent to (&,N) = (<£>*, TV) = 0. Since JV is hermitian, it is enough to prove 
that ($, TV) = 0. With $ as in Theorem 12. 101 one computes that 

N 1 ® 1 + N 2 ^ 2 + iV 3 $ 3 = AA*AF - A*A 2 F 
= [A, A*]AF = 2HAF, 

as well as 

^N 1 + <f> 2 N 2 + $ 3 JV 3 = FA A* A - FA 2 A* 

= FA [A*, A] = -2hFA, 

which implies that ($, N) = 0. □ 

Let us end this section by noting that the "mean curvature" of a minimal surface 
vanishes. As in differential geometry, given a normal element N G 3^, one may 
define the mean curvature (in conformal coordinates) as 

H(N) = -^0 u X,d u N) - ^0 v X,d v N) = ~H {N). 

Hence, if Ao(A") = then it follows that 

2H Q (N) = 2 U X, N) - d u u X, N) + 2 X, N) - d v v X, N) 
= (A (X),N) =0. 
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Conversely, if H {N) = then (A X, N) = 0, and it follows from £ = Q and T = 
that 

u X,A o (X)) = (d v X,A (X)) = 0. 

However, since (•, •) is not SVhnear, these equations do not necessarily imply that 
A (X)=0. 



3. Examples 

3.1. Algebraic minimal surfaces. A holomorphic element F may be integrated 
an arbitrary number of times. Hence, choosing a holomorphic element F such 
that d 3 F = F, the representation formula in Theorem 12 . 101 may be integrated (via 
partial integration) to yield 

X 1 = xH + Re ((1 - A 2 )d 2 F + 2AdF - 2F) = x 1 ! + Re (ft 1 ) 
(3.1) X 2 = x 2 t + Re (i(t + A 2 )d 2 F - 2iAdF + 2iF\ = x 2 \ + Re (fl 2 ) 
X 3 = x 3 t + Re [2Ad 2 F - 2&F) = x 3 t + Re (fl 3 ) . 

In other words, every holomorphic F(A) gives rise to a minimal surface via (|3.1I) . 
As an example, let us choose F(A) = A n (with n > 2), which gives 

n 1 = (n - 1) (nA n - 2 - (n - 2) A") 

ft 2 = i(n - l)(nA n ~ 2 + (n - 2)A") 
f} 3 = 2n(ra- 2)A"- 1 . 

We note that the real part of A™ consists of the total symmetrization of all mono- 
mials with an even (total) power of V. That is, 

LfJ 

Re (A™) = ^(-l) fe Sym(LT l - 2 ' £ V 2fe ), 

fc=0 

where Sym(U k V l ) denotes the sum of all terms of different permutations of k C/'s 
and I V's, and |_?"J denotes the integer part of r e K. Likewise, it holds that 

Re(£A n )= (-^) k Sym (U n - 2k+1 V 2k - 1 ) , 

k=l 
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and one obtains the following explicit representation formulas 
X 1 =x 1 l + J2 (-l) fc Sym([/"- 2 (' £+1 V 2 ' £ )-^^^(-l) fe Sym([/"- 2fc ^ 2fe ) 

fc=0 71 k=0 

x 2 = xH+ (-i) fc s ym (;7"- 1 - 2fe y 2fe - 1 ) 

fe=i 

+ IL^ (-i) fc Sym(c/^ 2fc+1 y 2 ' £ - 1 ) 

U k=l 

X 3 = x 3 t + 2{n ~ 2) £ (-l) fc Sym([/"- 1 - 2fe l/ 2 ' £ ). 

n k=0 

Thus, one may construct a noncommutative minimal surface from the classical one 
by completely symmetrizing the polynomials. As an illustration, let us consider the 
first two non-trivial minimal surfaces arising in this way. 

For F(A) = A 3 (corresponding to F(A) — 6) one obtains the noncommutative 
Enneper surface 

X 1 = x 1 ! + U — \u 3 + i Sym (UV 2 ) 

o o 

X 2 =x 2 t-V + \v 3 - - Sym (U 2 V) 
X 2 = x 3 t + U 2 - V 2 
which, using that [U, V] = iht, can be written as 

X 1 = x 1 ! + U + UV 2 - -U 3 - ihV 

3 

A 2 = x 2 t - V - U 2 V + -V 3 + ihU 

3 

A 3 = x 3 t + U 2 - V 2 . 
For F(A) = A 4 (corresponding to F(A) = 24A) one obtains 

A 1 = xH + U 2 - V 2 - i (C/ 4 + V A ) + i Sym (U 2 V 2 ) 

A 2 = x 2 \ - UV - VU - - Sym(U 3 V) + i Sym(UV 3 ) 

X 3 = x 3 t + -U 3 - - Sym{UV 2 ), 
3 3 

which may be written as 

a 1 = L 1 - ^ 2 ) i + u 2 - v 2 - \ (u 4 + v A ) + 3u 2 v 2 - mu 

X 2 = (x 2 + ih)l - 2UV - 2U 3 V + 2UV 3 - 3ihV 2 + 3ihU 2 

X 3 = x 3 t + -U 3 - AUV 2 + 4ihV. 
3 

Algebraic surfaces can also be obtained from Theorem 12.91 some of which cannot 
be constructed as in Theorem l2.10l For instance, choosing f — 2 and g = A™ gives 
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the higher order Enneper surfaces as 

1 ™ 

A 1 = xH + U — Y(-l) k Sym (u 2n +^- 2k V 2k ) 

2n+l ^ y 1 v ' 



k=0 
, n+l 

x 2 = x 2 t-v + — !— Y,(- l ) k s y m {\j 2n+2 - 2k v 2k - x ) 
n + fe=i 

X 3 = X H + — Y (-l) k Sym(U n+1 ~ 2k V 2k ), 
n+1 to 

which, for n = 2, becomes 

X 1 = rr 1 ! + £/ + 2C/'V 2 - C/V 4 - i[/ 5 - UW 2 V + 2iftF 3 - 3h 2 U 

5 

X 2 = .t 2 1 - V + 2U 2 V 3 - U A V - -V 5 - QiKUV 2 + 2ihU 3 - 3h 2 V 

5 

o 

A 3 = x 3 t - 2UV 2 + -U 3 + 2iHV. 

3.2. Minimal surfaces in For two holomorphic functions f(z) and g(z), it is 
well known (cp. |Eisl2j ) that one can construct a minimal surface in R 4 by setting 

x = (Re f(z),lmf(z),Reg(z),lmg(z)). 

This extends to noncommutative minimal surfaces: 

Proposition 3.1. Let f,g £ 3n be r-holomorphic and set X — X l ei £ ^| with 
(A 1 , A 2 , A 3 , A 4 ) = (Ref,Imf,Reg,lmg). 

Then X is a minimal surface. 
Proof. Defining $ = 2dX yields 

($i,$2 $3 ^ = (df,-idf,dg,-idg), 



which implies that $) = 0. From Proposition 1 2 . 61 it follows that X is a minimal 
surface (since $ l is clearly r-holomorphic) . □ 

As an example, let us choose /(A) = A" and g(A) — A™ 1 , which implies that 

LfJ 

X 1 = Rc(A n ) = ^(-l) fc Sym (p n - 2k V 2k ) 

k=0 

A 2 = Im(A™) = J2 {-l) k+1 Sym (U n - 2k+1 V 2k - 1 ) 

k=0 

LfJ 

A 3 = Re(A m ) = ^](-l) fe Sym (u rn - 2k V 2 

k=0 



r2k\ 



A 4 = Im(A m ) = J2 (-!) fc+1 Sym (U m - 2k+ 1 V 2k - 1 < 

k=0 
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and for / = A and g = A 2 one obtains 

(X 1 , X 2 , X 3 , X 4 ) = (U,V,U 2 - V 2 ,2UV -iht). 

3.3. Noncommutative catenoids. The minimal surfaces in the preceding sec- 
tion are algebraic in the sense that they arise from (finite) polynomials. Several 
classical minimal surfaces, such as the catenoid, are constructed in terms of analytic 
functions, which are, a priori, not defined in the algebra. However, as we shall see, 
one may construct particular representations in which certain power series are well 
defined. (A different approach to the catenoid was taken in [AH12] .) 

Let V be the vector space consisting of infinite sequences of complex numbers 

V = {(x ,xi,x 2 , ■ ■ .) : Xi € C for i e N }, 

and we denote the canonical basis vectors by \n), n 6 No- For convenience, we shall 
write an element x — (xq, x\, X2, ■ ■ •) € V as a formal sum 

oo 

x = }^x k \k). 

k=0 

The space of linear operators V — > V is denoted by L(V). Moreover, we introduce 
the subspace Vo C V of finite linear combinations 

V = {xeV :\i:xi^0\< oo}, 

and denote the set of linear operators with domain Vo by L(Vq, V). As is well known, 
the Weyl algebra can be represented on V by introducing operators a, a' € L(V), 
defined by 



\fn\n — 1) for n > 1 
= Vn + l\n + l), 

fulfilling [a, aJ]\n) — |n), and then setting 




from which it follows that A = U + iV = VTia and At = A* = U - iV = V^a) . 
We note that the operators U and V leave the subspace Vo invariant. Let us recall 
two useful formulas: 

Lemma 3.2. 

Li . I 1/ 7 "I m \ n — k) if k < n 

(3.2) a k \n) = { V 1 1 J ~ 

\ti if k > n 

(3.3) ( t)*| n ) = A /S+Sl| n + fe ) < 

1 V n\ 1 



o|0) = 
a\n) = 
a)\n) = 
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For arbitrary A <E C we define linear operators e Aa , e Aat <E L(Vq, V) as 

k=0 k=0 V v ; 

Aat, \ ^(Xa^) k : . l(n + k)\: 

Furthermore, let us introduce S„, 9^,9, <9, A : £(V) — > L(V), denned via commuta- 
tors, as in Section rOl Since t/ and V leave Vo invariant, the aforementioned maps 
can be considered as maps L(Vq, V) — > L(Vo, V). 

The classical catenoid may be parametrized as (z = u + iv) 

x [u,v) = Re(coshz) = cosh u cos v 

x 2 (u, v) — Re(— i sinh z) — cosh u sin v 

x 3 (u,v) — Re(z) = u 

arising from the Weierstrass data f(z) = —e~ z and g(z) = — e z (cp. Theorem l2.9ffi 
In analogy, we set 

X 1 = i(e A + e- A + e At +e- At ) 

X 2 = -^(e A ~ e - A -e At +e- At ) 
X 3 = U 

which implies that X 1 ,^ 2 ,^ 3 £ L(Vo,V); we will now show that A (X l ) = for 
i = 1,2,3. 

Lemma 3.3. For A e C, it holds that 

(3.4) [e Aa ,a t ]|n) = Ae Aa |n) 

(3.5) [e Aat ,a]|n) = -Ae Aat |n). 
From the above result, one easily deduces 

de XA \n) = Ae AA |n) Be AA | n) = 

«9e AA+ 1 n) = Ae AA+ 1 n) de AA+ 1 n) = 

for arbitrary A <E C. Since Ao(X l ) = 4ddX l one obtains 
AopT 1 )^) = d[e K - e- A ) |n> = 
A Q (X 2 )\n) = -id(e A + e~ A ) \n) = 
A (X 3 )|n) = 2dd(A + A + )|n) = 29(1) |n) = 0. 

Hence, AoA" 4 , for i = 1,2, 3, are as operators in L(Vq, V). 

What about the condition that the parametrization is conformal? That is 

u X,d u X) = v X,d v X) and u X,d v X) = 0. 



Note that there exist other possibilities for / and g. 
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bmce X 1 and X 2 do not preserve Vo, their composition is a priori not well defined. 
However, algebraically, the above is equivalent to <£>) = (cp. Proposition ^. 5[) : 
with 

^\n) = 2dX 1 \n) = I( e A - e - A )|n) 

$ 2 |n) =2dX 2 \n) = -l( e A + e - A )|n) 
$ 3 |n) = U\n) 

the expression $) is well defined, since e ±A maps Vo into Vo, and one readily 
checks that ($, $) =0. 

References 

[AHll] J. Arnlind and G. Huisken. On the geometry of Kahlcr-Poisson structures. 
arXiv: 1103.5862, 2011. 

[AH12] J. Arnlind and J. Hoppe. The world as quantized minimal surfaces. arXiv: 1211 . 1202, 
2012. 

[AHH12] J. Arnlind, J. Hoppe, and G. Huisken. Multi-linear formulation of differential geom- 
etry and matrix regularizations. J. Differential Geom., 91(l):l-39, 2012. 

[DHKW92] U. Dierkes, S. Hildebrandt, A. Krister, and O. Wohlrab. Minimal surfaces. I, volume 
295 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of 
Mathematical Sciences]. Springer- Verlag, Berlin, 1992. Boundary value problems. 

[Dix68] J. Dixmier. Sur les algebres de Weyl. Bull. Soc. Math. France, 96:209-242, 1968. 

[Eisl2] L. P. Eisenhart. Minimal Surfaces in Euclidean Four-Space. Amer. J. Math., 
34(3):215-236, 1912. 

[Lit31] D. E. Littlewood. On the Classification of Algebras. Proc. London Math. Soc, S2- 

35(1):200, 1931. 

[Ore31] O. Ore. Linear equations in non-commutative fields. Ann. of Math. (2), 32(3):463- 
477, 1931. 

(Joakim Arnlind) Dept. of Math., Linkoping University, 581 83 Linkoping, Sweden 
E-mail address: joakim.arnlind@liu.se 

(Jaigyoung Choe) Korea Institute for Advanced Study, 85 Hoegiro Dongdaemun-Gu, 
Seoul 130-722, South Korea 

E-mail address: choeOkias . re .kr 



(Jens Hoppe) Sogang University, Sinsu-Dong, Mapo-Gu, Seoul 121-741, South Korea 



